We consider a cosmological scenario where a relativistic particle and a stable massive particle are simultaneously produced from the decay of a late-decaying particle after Big-Bang Nucleosynthesis but before matter-radiation equality. The relativistic and massive particles behave as dark radiation and warm dark matter, respectively. Due to a common origin, the warmness and abundances are closely related. We refer to the models that lead to such a scenario as Common Origin of Warm and Relativistic Decay Products (COWaRD). We show that COWaRD predicts a correlation between the amount of dark radiation and suppression of the large scale structure, which can be tested in future precision cosmology observations. We demonstrate that COWaRD is realized, as an example, in a class of supersymmetric axion models and that future observations by the next generation Cosmic Microwave Background, Large Scalar Structure, and 21-cm surveys can reveal the structure of the theory.
INTRODUCTION
In the last few decades, cosmology as a science has undergone a phase of accelerated expansion. With the advent of probes of the cosmic microwave background (CMB) as well as experiments mapping the distribution of matter in the Universe [1] [2] [3] [4] [5] [6] [7] , we are currently living in an era of unprecedented precision in our understanding of the Universe, its composition, and its history.
From all these observations, a "standard" picture has emerged as the best framework to explain the data: the ΛCDM model. In ΛCDM, the majority of the matter in the Universe consists of non-relativistic ("cold") particles whose dominant interactions among themselves and with the rest of the Universe (the Standard Model of particle physics and the cosmological constant Λ) are through gravity ("dark"). This component has then been appropriately dubbed "cold dark matter" (CDM).
Although the predictions of the ΛCDM model are in outstanding agreement with observational data, cosmological experiments are still far from unambiguously singling out ΛCDM as the only option in town. From the theoretical point of view, the mystery of dark matter (DM) and its properties (origin, mass, spin, interactions, etc.) are perhaps the most common playground for particle physicists interested in cosmology. Many different and wellmotivated models have been proposed to explain it, often requiring extra components of the Universe beyond those of vanilla ΛCDM. Furthermore, recent experiments hint to possible cracks in the ΛCDM paradigm. Local measurements of the expansion of the Universe [8] [9] [10] [11] [12] [13] and of the large-scale structure (LSS) [2, 5, 6, [14] [15] [16] [17] [18] [19] [20] [21] [22] are in disagreement with the predicted values from the fit of ΛCDM to the early Universe data [23] [24] [25] .
Perhaps the most well-known modifications to the standard ΛCDM model are warm dark matter (WDM) and dark radiation (DR), ubiquitous in well-motivated theoretical frameworks. The sterile neutrino is a popular WDM candidate and can be produced from the thermal scattering processes [26] or the non-thermal resonant conversion [27] . Axions can constitute DR [28] or WDM [29, 30] from parametric resonance, while moduli decays also produce relativistic axions [31] [32] [33] [34] [35] . In supersymmetric theories, gravitinos can also constitute WDM and may acquire the relic abundance from scatterings during inflationary reheating [36, 37] or decays of the lightest observable superpartner (LOSP) after freeze-out [38] [39] [40] [41] [42] [43] .
Similarly, the axinos from reheating [44] or the LOSP decay [45] [46] [47] [48] can be WDM. In Twin Higgs models [49] , the twin photons and twin neutrinos also contribute to DR [50] [51] [52] [53] [54] [55] [56] . These references consider the presence of either WDM or DR. Remarkably, precision cosmology can reveal information about these new states via gravitational effects alone although their direct interactions may otherwise be too weak for terrestrial experiments.
Certain well-motivated theories predict the simultaneous existence of WDM and DR. In this paper, we point out that precision cosmology can be even more powerful as to reveal the underlying theoretical structure from the correlated signals. We consider a theory where late-decaying particles decay into nearly massless particles and stable massive particles. This predicts that stable particles are WDM that becomes non-relativistic just before the CMB T nr 5.5 eV f wdm ∆N eff , (
if both the effective number of relativistic species ∆N eff due to the nearly-massless particles and the fractional amount of such warm dark matter f wdm are of the same order. We call such models Common Origin of Warm and Relativistic Decay Products (COWaRD). If the decay products have sufficient interactions with the Standard Model, the required formation of light elements strongly constrains the decay to occur before Big-Bang Nucleosynthesis (BBN). In this case, the thermal interactions tend to equilibrate the decay products and remove the correlation in the signals. On the other hand, if the decay products are invisible, the decay can occur any time before recombination and both WDM and DR survive and leave imprints on the CMB via gravitational effects. These final states can be produced from two different decay channels or in a single decay process; the branching ratio determines the relative abundance for the former case, whereas Eq. (1.1) is applicable to the latter. An example for the former case is the decay of the saxion into a pair of axions or a pair of axinos.
For the latter case, examples include the axino/gravitino decay into the gravitino/axino and an axionã/G →G/ã a as well as the saxion decay into the axino and the gravitino s →ãG.
Due to the common origin, their relative abundance is fixed. For concreteness, we will interpret results in the scenario whereã/G →G/ã a is the origin of warm gravitino/axino dark matter and axion dark radiation. Here we comment on previous works on the decaying axino or gravitino. Ref. [57] focuses on DR aspects, while Refs. [58, 59] point out effects on matter spectrum, but no numerical analysis is performed. Contrary to a decay before recombination, Ref. [60] considers lifetimes as long as the age of the universe.
In this work, we investigate the impact this common origin of WDM and DR has on cosmology. We implement this model into the CLASS Boltzmann solver [61] and perform fits to observational data via Monte-Carlo Markov Chain scans of the available parameter space using MontePython [62, 63] . We find that this model marginally improves the fit to the data compared to ΛCDM, and it establishes an anti-correlation between the amount of DR and the amplitude of the matter fluctuations at large scales, parameterized by σ 8 . As a consequence of this, the detection of extra relativistic degrees of freedom by Stage-4 CMB surveys immediately imply, in the context of the COWaRD model, a value of σ 8 smaller than the prediction from ΛCDM.
The paper is organized as follows. In Sec. 2, we review the qualitative explanations of how WDM and DR affect the CMB and the matter power spectrum. In Sec. 3, we discuss explicit models that give rise to both WDM and DR via perturbative decays and derive the correlation between observables as a result of this common origin. In Sec. 4, we fit the proposed models to the cosmological data sets and provide the interpretation of the results.
COSMOLOGICAL EFFECTS OF DARK RADIATION AND WARM DARK

MATTER
In this section, we recall how dark radiation and warm dark matter affect cosmological observables. For reviews of this topic, see e.g. [64] .
Dark Radiation
Dark radiation is the radiation component of the universe in addition to the prediction of the Standard Model-photons and neutrinos. The abundance of the radiation in addition to photons is commonly parametrized by the effective number of neutrinos N eff ,
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where T γ is the temperature of photons. The Standard Model prediction is N eff 3.046 [65, 66] and the DR abundance is parametrized by the deviation from it,
The effects of DR on the CMB are well understood [67] [68] [69] [70] . In Fig. 1 , we show the CMB TT spectra for ΛCDM and +∆N eff computed by CLASS [61] .
Here we use the best fit cosmological parameters of ΛCDM determined by Planck 2018
TT+TE+EE+lensing and BAO data and fix h = 0.6766. The positive ∆N eff affects the CMB spectrum and determination of the cosmological parameters in the following way.
Dark radiation increases the energy density of the universe for a given photon temperature and hence increases the expansion rate of the universe. The sound horizon, r s ∼ c s t, around recombination becomes shorter, where c s is the sound speed. The angular position of the acoustic peaks of the CMB spectrum moves toward higher multipoles. The angular position of the acoustic peaks is precisely measured by the observations of the CMB. To fix it at the correct position, the distance between us and the last scattering surface is required to be shorter. The distance is basically determined during the cosmological constant dominated era, and inversely proportional to H 0 . Therefore, H 0 estimated from CMB observations becomes larger.
After fixing the positions of the peaks by increasing H 0 , Silk damping [71] [72] [73] [74] [75] begins from lower multipoles (a larger expansion rate shortens the diffusion length, but this effect is subdominant). This can be partially compensated by 1) a larger spectral index n s , which increases the primordial perturbation at small scales or 2) more baryons which shorten the diffusion length, although too large of a ∆N eff twists the overall shape. Furthermore, the polarization spectra have more power at high multipoles, which helps constrain ∆N eff .
Planck 2018 TT+TE+EE+lensing and BAO data set the constraint [23] ∆N eff < 0. 28 If matter-radiation equality is delayed by a positive ∆N eff , the decay of the gravitational potential, which induces the acoustic oscillation, lasts longer. As a result, the amplitude of the first few acoustic peaks becomes larger. (The amplitude of the acoustic peaks at high multipoles is suppressed because of the shift of the peaks to higher multipoles and more effective Silk damping.) This effect should be compensated by larger matter components.
Dark radiation also affects the matter spectrum. In order to keep the time of matterradiation equality fixed (which is well measured by CMB surveys), an increase in the amount of radiation must be compensated by a corresponding increase in the amount of matter. This in turn translates into a larger matter power spectrum.
Warm Dark Matter
Warm dark matter is a component of the universe whose energy density is dominated by a mass density around matter-radiation equality but has a large enough velocity dispersion to affect observations. Warm dark matter behaves in the same manner as cold dark matter at the background level, but differently at the perturbation level.
Warm dark matter freely streams and escapes from overdense regions, suppressing the perturbations at length scales shorter than the free-streaming length,
where T nr is the temperature around which WDM becomes non-relativistic.
The observed shortest scale in the CMB is about 10 Mpc. The observation of the CMB spectrum can constrain the abundance of WDM if T nr 10 eV.
For larger T nr , the effect of WDM can be observed in the matter power spectrum at small scales, which is measured by galaxy counting, Lyman-α power spectrum, and the Sunyaev-Zel'dovich and lensing effects on the CMB. Indeed, direct measurements of the expansion rate of the Universe tend to yield a large value of H 0 , whereas "indirect" measurements (i.e. deductions from ΛCDM fits to data)
favor smaller values [8] [9] [10] [11] [12] [13] [23] [24] [25] . For some of these observations, the tension reaches 4 − 6σ [77] [78] [79] [80] . If this discrepancy is a sign of new physics and not of unaccounted for systematics, the most accepted models that can alleviate this tension are those that change the size of the comoving sound horizon at the time of recombination [77] [78] [79] . The most straightforward way to do this is by adding some extra energy density at early times [81] [82] [83] [84] [85] [86] [87] 1 , such as DR [90] [91] [92] [93] [94] . As is explained above, the data is highly sensitive to the behavior of the cosmological perturbations in this extra component, and the simple addition of DR cannot fully explain the tension, as can be seen from the result of Planck 2018 [23] .
On the other hand, direct measurements of LSS observe a smaller value of σ 8 than the ΛCDM prediction from its fit to the CMB data [2, 5, 6, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . The suppression of structure by WDM can explain the discrepancy. For works inspired by the σ 8 problem, see [91] [92] [93] [94] [95] [96] [97] [98] [99] [100] [101] [102] [103] [104] .
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2. The evolution of the energy densities ρ with the scale factor a on log-log scales for models of a common origin of WDM and DR. The red line shows the Standard Model thermal bath, while the blue curve is for the parent particle χ 1 decaying into WDM χ 2 (orange) and DR φ (black dashed curve). The decay occurs at a dec , while a nr -the scale factor when χ 2 becomes non-relativistic-is close to matter-radiation equality a eq .
WARM DARK MATTER AND DARK RADIATION AS DECAY PRODUCTS
Here we consider the scenario where a late-decaying particle χ 1 is produced in the early universe, and later decays into a stable particle χ 2 and a stable and nearly massless particle φ. χ 2 may behave as a WDM component or DR depending of the parameter space, and φ behaves as DR. In Fig. 2 , we demonstrate a cosmological evolution that leads to both WDM and DR. The existence of a sizable fraction of WDM and DR requires that 1) the decay occur when ρ 1 is O(0.1) fraction of the thermal bath energy density and 2) χ 2 become non-relativistic shortly before matter-radiation equality. As we will show in this section, this scenario is realized in well-motivated models. On the other hand, if the requirement 1) is violated, the abundances of χ 2 and φ are negligible or overproduced, while χ 2 is cold dark matter or dark radiation if 2) is violated.
Warmness and Abundances
The Boltzmann equations of these particles reaḋ
For a radiation-dominated universe, the Hubble expansion rate is H = 1/2t and the solutions are given by
where ρ 2 (t) = ρ φ (t) until χ 2 becomes non-relativistic. We parametrize the energy density of DR φ by the usual effective degrees of freedom ∆N eff so that
The energy density of φ originates from the decay of χ 1 at temperature T dec and thus
where g * is the effective number of degrees of freedom in the thermal bath, s is the entropy density, and the decay temperature is defined by H(T dec ) = 1/2t dec ≡ Γ. We use
from the analytic solutions of the full Boltzmann equations given in Eq. (3.2). We further
Similarly, the number density of χ 2 is equal to that of χ 1 at the time of decay,
while m 2 n 2 /s stays constant afterwards and stands for the energy density of χ 2 at the zero temperature, i.e. ρ 2 | T =0 . Lastly, the momentum of χ 2 at T CMB 0.25 eV can be obtained
where p dec = m 1 /2 is a result of the four-momentum conservation assuming m 2 , m φ m 1 .
Equivalently, χ 2 becomes non-relativistic at the temperature
Now with Eqs. (3.5)-(3.7), we can see the dependence of the velocity of χ 2 on the amounts of dark radiation, ∆N eff , and warm dark matter, ρ 2 /s| T =0 ,
Therefore, χ 2 becomes non-relativistic at the temperature 10) which is interestingly just before the CMB epoch when ∆N eff and f wdm are of the similar order. Here, f wdm ≡ ρ 2 /ρ DM is the abundance of WDM χ 2 in units of the total dark matter abundance today. However, this is merely a result of the fact that the CMB decoupling temperature is close to the temperature of matter-radiation equality. A common origin of WDM and DR necessarily implies that two species have the same number density and the same momentum when relativistic. It is when χ 2 becomes non-relativistic that the two energy densities start to deviate. If this occurs at the CMB epoch, then the two species still have roughly the same energy densities at the CMB and furthermore ∆N eff O(1) is equivalent to ρ 2 /s| T =0 ρ DM /s due to matter-radiation equality. COWaRD in principle involves three parameters, T dec , f wdm , and ∆N eff . However, if the decay occurs well before the CMB, T dec becomes irrelevant so f wdm and ∆N eff are sufficient to fully describe COWaRD.
Supersymmetric Axion Models
In this section, we will study supersymmetric axion theories because both supersymmetry and the axion are well motivated to solve outstanding issues in the Standard Model. Supersymmetry provides a solution to the electroweak hierarchy problem [105] [106] [107] [108] , a framework for precise gauge coupling unification [109] [110] [111] [112] [113] [114] , and stable massive particles as dark matter candidates [107, 115, 116] . On the other hand, a vanishing neutron electric dipole moment calls for an explanation, known as the strong CP problem [117] . A dynamical solution is provided by the Peccei-Quinn mechanism [118, 119] , where a hypothetical particle called the axion [120, 121] relaxes to a CP-conserving minimum in the potential and cancels the bare strong CP angle in the theory. The axion is a dark matter candidate [122] [123] [124] , and furthermore may explain the baryon asymmetry of the Universe [125] [126] [127] [128] [129] . In supersymmetric axion theories, the Peccei-Quinn symmetry breaking scale can be determined by the dimensional transmutation through the running of the soft mass of the Pecce-Quinn symmetry breaking field [130] or by balance between a negative soft mass term and a higher dimensional term of the Pecce-Quinn symmetry breaking field [131] .
In the context of supersymmetric axion theories, we explore explicit models that give rise to both warm dark matter χ 2 and dark radiation φ via a perturbative decay χ 1 → χ 2 + φ.
One interesting scenario is the decay of axinos to gravitinos or vice versa, and both decay directions come with axions. The WDM candidate χ 2 is then the gravitino [107] or the axino [45, 46] , while the axion produced from the decay behaves as dark radiation φ. The decay can safely occur after BBN since the decay products have negligible interactions with the Standard Model. Previous works [58, 59] provide qualitative discussions, while we give a fully quantitative analysis in Sec. 4. In addition, Refs. [58, 59] consider the spectrum where the axino is (much) lighter than the gravitino. The axino and gravitino masses are highly model dependent [132] [133] [134] [135] [136] and can also be of the same order in realistic models. For example, the axino can acquire a mass at one loop level via the heavy (s)quarks in KSVZ models, which allows the axino to be heavier than the gravitino in gauge mediation when the PQ breaking scale is below the messenger scale. On the other hand the axino can be massless at the tree level for no-scale supersymmetry, resulting in the axino much lighter than the gravitino. Due to this model uncertainty, we treat the gravitino and axino masses as free parameters.
In what follows, we will show that the decay rate with well-motivated ranges of parameters leads to a relativistic species as well as a warm species that becomes non-relativistic shortly before the CMB epoch. The amounts of produced DR and WDM depend on the abundance of the parent particle at the time of the decay as shown in Eqs. (3.5) and (3.6).
The abundance is determined by physics at the high temperatures, such as scatterings during inflationary reheating and freeze-out processes around the TeV scales. We defer the discussion of parent particle's relic abundance to App. A and simply assume the desired abundance in this section.
We will first focus on the decay of axinos to gravitinos, which is relevant when mã > m 3/2 , and the decay rate is given by .
(3.13)
The result interestingly only depends on the axino mass but not the gravitino mass. This means that the gravitino can be arbitrarily light, while the gravitino is equally warm during the CMB epoch for an axino mass of order 10-100 GeV. A smaller gravitino mass implies that the gravitino is hotter at the time of the axino decay, while the decay itself occurs earlier so that a longer era of redshift exactly compensates a larger initial gravitino momentum. Now we discuss the alternative mass spectrum where the gravitino is heavier than the axino. In this case, the gravitino decay sources axino WDM and axion DR with a rate
In a radiation-dominated epoch, the gravitino decays at the temperature 
Parameter Space with Suppression of σ 8
The existence of WDM and DR leads to a suppressed matter power spectrum. The effect of WDM on cosmological observables depends on both its abundance and velocity around the CMB epoch. For a given ∆N eff , according to Eq. (3.10), the abundance and warmness of χ 2 are inversely correlated. In the left panel of Fig. 3 , we fix ∆N eff = 0.03 and compute the matter power spectrum as a function of the wavenumber for various values of f wdm . We normalize the spectrum by that of f wdm = 0. For a fixed ∆N eff , a larger f wdm implies colder WDM, whose correlation is given by Eq. (3.10). As f wdm is increased, the matter spectrum is suppressed more. Since the free-streaming length becomes shorter, the suppression occurs only for smaller scales. For f wdm ∼ 1, the impact on σ 8 is hence minor, but the power at k 1 h/Mpc is significantly suppressed.
We scan over the COWaRD parameters f wdm and T nr and examine the impact on σ 8 . To be rigorous, one should also scan over other cosmological parameters to find the preferred range of parameters for a given (f wdm , T nr ), and predict σ 8 . However, since WDM dominantly affects the prediction of σ 8 without affecting the CMB spectrum much, we can approximately infer the impact in the following way. We compute the ratio of σ 8 obtained in COWaRD containing both WDM and DR to that of ΛCDM extended with the same value of ∆N eff that COWaRD predicts, for fixed ΛCDM cosmological parameters. Using this methodology in the right panel of Fig. 3 , we identify the region of parameter space below the solid (dotted) blue contours that leads to a fractional change (σ Planck 2018. The yellow region is excluded by Lyman-α constraints [140] , which are based on the analyses presented by VHS [137] and for the SDSS experiment [138, 139] .
In Fig. 4 , for a fixed ∆N eff = 0.03, we show the parameter space in particle physics models where σ 8 is significantly suppressed with the criterion defined in the methodology we used in Fig. 3 . In the left panel, m 1 /m 2 is the ratio of the parent and daughter particle masses and T dec is the temperature at which the decay occurs. Warm dark matter and dark radiation lead to a significant (2σ) reduction in σ 8 in the region below the orange line, where 2σ is defined above. The region above the orange line on the other hand has σ 8 unaffected because the WDM abundance is too small despite WDM being very hot. The yellow region is excluded by the observations Lyman-α forests as also shown in Fig. 3 . In the red region, the decay occurs after the smallest observed scale in the CMB enters the horizon, and the GeV and gravitinos with any mass can lead to the prediction of COWaRD-a nonzero ∆N eff and a suppressed σ 8 . 
IMPLICATIONS FOR COSMOLOGY
As stated previously, there is currently a plethora of cosmological observations that constrain any extensions to the Standard Model of cosmology ΛCDM. In the model of COWaRD, the main two ingredients beyond those of vanilla ΛCDM are the WDM and DR components, which have a common origin and are related by Eq. (3.9). In this section, we describe the implementation of COWaRD into a code for the evolution of its cosmological perturbations, as well as its fit to the available cosmological data, and explain the results.
Setting and Parameterization
We first note that there is a wide array of values for the time of decay t dec , deep inside the radiation-dominated era, to which the available cosmological probes measuring the CMB and LSS are not sensitive. In terms of the corresponding scale factor a dec , this range is given by a BBN a dec a probed , where a BBN ∼ 10 −8 is the scale factor at the time of BBN, and a probed ∼ 10 −5 corresponds to the earliest time at which the smallest scales measured by the cosmological probes enter the horizon. Indeed for a dec satisfying these inequalities there are (i) no effects of ∆N eff on BBN to speak of, and (ii) no consequences, coming from the decay process itself, on the cosmological observables. We corroborated that indeed the fits to cosmological data are insensitive to a dec within this range and therefore, without loss of generality, we fix a dec = 10 −7 . A more general implementation of this model, where the decay into WDM and DR is exactly modeled, at both the background and perturbations level and for any value of a dec whatsoever, is beyond the scope of this paper and left to future work.
We implemented the COWaRD model into the Boltzmann code CLASS [61] , which already allows for the inclusion of non-cold (i.e. warm) dark matter components. To include the WDM we need its phase space distribution function f (q), where q = ap is the comoving momentum of the particles. From the Boltzmann equation with a decay term, we find f (q) to be given by
where we define q dec ≡ a dec p dec and ρ 2,0 ≡ ρ 2 | T =0 is today's value of the energy density in the massive daughter particles.
As stated above, we fix a dec = 10 −7 . This simplified version of the COWaRD model is then described by two parameters-the amounts of WDM and of DR. We denote these quantities respectively by f wdm ≡
, the fraction of DM today that contributed as WDM; and by ∆N eff , given by Eq. (2.2). The warmness of WDM, which is related to the time at which the WDM becomes non-relativistic, can be obtained from these two parameters with Eq. (3.9).
To study the fit of the COWaRD model to current cosmological data we perform parameter scans over ∆N eff and f wdm , in addition to the six standard ΛCDM parameters. We make these scans using the Monte Carlo Markov Chain (MCMC) code MontePython version 3.2 [62, 63] with the Metropolis-Hastings algorithm. Our priors on ∆N eff and f wdm are linear and only require these parameters to be non-negative. Finally, we include one massive neutrino of mass m ν = 0.06 eV.
The Data
For our MCMC analysis, we use the following data sets:
• CMB: We use the published Planck 2018 TT+TE+EE and lensing data [7] .
• BAO: We include measurements of D V /r drag by 6dFGS at z = 0.106 [1] , by SDSS from the MGS galaxy sample at z = 0.15 [3] , and by BOSS from the CMASS and LOWZ galaxy samples of SDSS-III DR12 at z = 0.2 − 0.75 [4] .
• Pantheon: We also fit to the Pantheon set of type Ia supernovae (SN Ia) [141] , which consists of 1048 luminosity distances in the redshift range 0.01 < z < 2.3. We include the nuisance parameter M for the absolute magnitude of the SN Ia.
Combining the Planck satellite's measurements of the CMB with BAO and Pantheon has the advantage of narrowing down the values of different parameters, including the sound horizon and the evolution of the energy density of the Universe at late times. There are of course other data sets, perhaps the most prominent being the local measurements of the expansion of the Universe and of the large scale structure [2, 5, 6, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . However, as we discussed in Sec. 2.3, some of these measurements seem to be in tension with measurements from the Planck satellite, and thus we do not include them in our MCMC analysis.
Results
We do our numerical analysis for both the standard ΛCDM model and the COWaRD model, fitting their parameters to the cosmological data described in the previous section.
We find that the COWaRD model only very marginally improves the fit to the data, with a ∆χ 2 eff ∼ few (see Table I in Appendix B). However, this fit sheds light on some important cosmological predictions of the COWaRD model. 0.782 ± 0.010 [17] . As mentioned in Sec. 2.3, there is a mild tension between ΛCDM fits to Planck's CMB data and direct measurements of LSS, which is parameterized by σ 8 [2, 5, 6, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , with Planck predicting a larger σ 8 than warranted by direct observations. As can be seen from the plot, the fit of the COWaRD model to the data automatically allows for smaller values of σ 8 without having to include the measurements of LSS in the fit, and, as shown in Table I Note that this pure DR limit, when compared to ΛCDM there is only extra DR and no WDM, is not preferred by our fit to the data. This presents us with an exciting prospect:
a positive detection of a non-vanishing ∆N eff immediately implies, within the COWaRD model, a value of σ 8 smaller than the one predicted by ΛCDM; and vice versa. Future S4-CMB experiments will reach the threshold ∆N eff ≈ 0.03 [76] , whereas next-generation LSS such as LSST and EUCLID [142, 143] surveys will measure σ 8 and Ω m more precisely and decide the issue of the LSS tension. For example, were a value of ∆N eff = 0.03 to be discovered, the fit to the data of the COWaRD model boldly predicts σ 8 = 0.769
−0.01 (see Table II in Appendix B).
COWaRD can be further probed by measurements of the matter power spectrum at smaller scales. The 1σ preferred values of f wdm is above 0.05 for ∆N eff = 0.03. As can be seen in the left panel of Fig. 3 The required reheat temperature can be much higher if there exists a matter-dominated epoch, which dilutes the relic abundance with entropy production. For example, Refs. [149] [150] [151] [152] [153] [154] [155] consider the case where a matter-dominated era originates from the condensate of the Pecci-Quinn symmetry breaking field.
A.2. Production after the Freeze-out of the LOSP
The lightest particle among the superpartners of the Standard Model particles other than the graviton is called the lightest observable supersymmetric particle (LOSP). After the LOSP abundance is fixed by the freeze-out process, it decays into the gravitino or the axino. This contribution can dominate over the above contribution if the LOSP annihilation is ineffective, which is the case for the bino-like LOSP. Assuming that the annihilation rate is dominated by t-channel exchange of nearly-degenerated right-handed sleptons˜ R , the number density of the bino after the freeze-out is given by [156] with m wdm the mass of warm dark matter, the lighter ofã andG.
The bino decay rate into the axino is [47] ΓB →ã+B = α Similarly, the decay rate and the temperature for the bino decay into the gravitino are [47] ΓB →G+Z/γ = m which implies that, in deriving Eq. (3.16), the assumption of a non-relativistic gravitino at the time of the decay, T 3/2,nr > TG →ãa , is valid as long as mB > m 3/2 , which is anyway required by kinematics.
Appendix B: MCMC Numerical Results
In this appendix we summarize the numerical results from the MCMC fits of the ΛCDM and COWaRD models to the cosmological data. 
